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Abstract
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I. Introduction
Delbosco [8] and Skof [23] introduced the concept of an altering distance function, which alters the
distance between two points in a metric space. This technique is made famous by Khan, Swaleh and Sessa [15].
Afterwards many researchers [2, 6, 9, 10, 15, 22] applied this concept to obtain the existence of fixed points.
Also, G.V.R. Babu and P. Subhashini [3] applied this concept to obtain coupled fixed point via Geraghty
contraction.
Throughout this paper Rt denotes the interval [0, o).

Il. Preliminaries
Notation: Let @ = {¢: RT - R" /¢ is non decreasingand ¢(t) =0t =0}

Definition 2.1: [23] ¢ € @ is called an altering distance function if ¢ is continuous.

Definition 2.2: [14] Let (X, <) be partially ordered set and F: X x X — X be a map. We say that f has the
mixed monotone property if F(x, y) is non-decreasing in x and is non-increasing iny.
6.2, €X, 00 Sxp = F(x,¥) S F(xg,y) and y1,y; € X,y1 <y, = F(x,51) = F(x,y2).

Definition 2.3: [12] Let (X, <) be a partially ordered set and F: X x X — X be a map. For anyx,y € X. A point
(x,y) € X x X is called a coupled fixed point of F if x = F(x,y) and y = F(y, x).

Define the partial order <; on X x X as follows:

e,y < wv)ifx<uandy=v Vx,yuveEX.

We say that (x,y) and (u, v) are comparable, if either (x,y) <; (u,v) or (u,v) <; (x,y)

We denote the class of all altering distance functions ¢: Rt - R* by @. We use the following notation as
mentioned in [11] to define Geraghty contraction.

S={B:R" - [0,1)/B(t,) > 1=>t, > 0}

Definition 2.4: [11] Let (X, d) be a metric space. A self map f: X — X is said to be a Geraghty contraction if
3B € Ssuchthatd(f(x), f(»)) < B(d(x,¥)) d(x,y) Vx,y €X

Remark 2.5: It is trivial to see that every contraction map is Geraghty contraction. The following example
(GVR Babu and P Subhashini [3]) shows that a Geraghty contraction need not be a contraction.
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Example 2.6: [3] Let X = R* with usual metric. We define f: X - X by f(x) = é Vx€Xand B: Rt -

2.
WJ)Wﬁ@)z%ﬁlff>0
0 ift=0

Then clearly B € S. We observe that f is a Geraghty contraction. For,

x y Ix =yl 2|x =yl
d , = | - | = < =p(dkx,y))dxy) vx,y €X
But f is not a contraction.
The following theorem is proved in [11].

Theorem 2.7 (Geraghty, [11]): Let f: X — X be a self map of a complete metric space X. If 3 8 € Ssuch
that d(f (x), f(»)) < B(d(x,¥))d(x,y) V x,y € X, then for any choice of initial point x,, the iteration
X, = f(x,-1) forn = 1,2,3, ... converges to the unique fixed point z of f in X.

In 2010 Amini-Harandi and Emami [1] extended Theorem 2.7 to complete metric spaces with partial
order.

Theorem 2.8 [1]: Let (X, <) be a poset and suppose that there exists a metric d on X such that (X,d) is a
complete metric space. Let f: X — X be an increasing mappingand3 8 € S

such that d(f (x), f(»)) < B(d(x,¥)) d(x,¥) V x,y € X withx > y.

Assume that either (i) f is continuous or (ii) X is such that if {x,} an increasing sequence x, — x in X, then
X, S x Vn.

Besides suppose thatif for each x,y € X,3 z € X which is comparable to x and y. Then f has a unique fixed
point.

Guo and Lakshmikantham [13] introduced the mixed monotone operators. In 2006, Gnana Bhaskar and
Lakshmikantham [12] established the existence of coupled fixed points for mixed monotone operators in metric
spaces with partial order. For more literature on the existence of coupled fixed points of different contraction
conditions in partially ordered metric spaces, we refer [4, 7, 14, 16, 18, 19, 20, 21].

Definition 2.9: [12] Let X be a non-empty set and F: X x X — X be a mapping. An element (x,y) e X X X is
said to be coupled fixed point of F if F(x,y) = x and F(y,x) = y.
The following theorem is due to Gnana Bhaskar and Lakshmikantham [12].

Theorem 2.10: [12] Let (X, <) be a poset and suppose that there exists a metric d on X such that (X,d) is a
complete metric space. Let F: X X X — X be a mapping having the mixed monotone property on X. Assume that
there exists k € [0,1) such that
AF (Y, Fuv) S Sld@ww +dyv] L (1)
forall x,y,u,v € X withx > u,y < v.
Also suppose that either (i) F is continuous or (ii) X has the following properties:

(@) If {x,} is a non-decreasing sequence in X with x,, - x, thenx, < xVn € z*

(b) If {y,} is a non- increasing sequence in X with y,, - y, theny, > yvn € z*
If 3 x4,y € X such that xy < F(xg,y,) and y, = F(xg, V), then 3 x,y € X such that x =F(x,y) and
y=FQ,x)

Recently Choudhury and Kundu [5] extended Theorem 2.7 to Geraghty contractions in the context of

coupled fixed points in metric spaces with partial order.

Theorem 2.11: [5] Let (X, <) be a poset and suppose that there exists a metric d on X such that (X,d) is a
complete metric space. Let F: X X X — X be a mapping having the mixed monotone property on X. Assume that
there exists 8 € S such that

d(F(x,y),Fu,v)) < g (i) @)

whenever x, y,u, v € X and (x,y) and (u, v) are comparable..
Also suppose that either (i) F is continuous or (ii) X has the following properties:
(@) If {x,}is a non-decreasing sequence in X with x,, - x, thenx, < xVn € z*
() If {y,,} is a non- increasing sequence in X with y, - y, theny, > yvn € z*
If 3 x9,y9 € X such that x, < F(xg,yy) and y, = F(xg,¥o), then F has a fixed point. That is 3 x,y € X such
that x = F(x,y) and y = F(y, x).
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G.V.R. Babu and P. Subhashini [3] proved two theorems which extend the coupled fixed point results
established by Gnana Bhaskar and Lakshmikantham [12] and Choudhury and Kundu [5], to the case of
Geraghty contraction maps by using an altering distance function.

Theorem 2.12 (GVR Babu and P Subhashini, Theorem 2.1, [3]): Let (X, <) be a poset and suppose that there
exists a metric d on X such that (X,d) is a complete metric space. Let F: X X X — X be a continuous map
having the mixed monotone property on X. Suppose there exists an altering distance function ¢ and 8 € S such
that

o(d(F(x,y),Fw,v)) < B [W] p(max{d(x,w),dy, ) . 3)
v x,y,u,v € X whenever (x,y) and (u, v) are comparable.

If 3 x¢,y9 € X such that xq < F(xg,¥) and y, = F(xg,¥,), then F has a coupled fixed point. That is 3 x,y €
X suchthat x = F(x,y) and y = F(y, x).

Theorem 2.13 (GVR Babu and P Subhashini, Theorem 2.2, [3]): Let (X, <) be a poset and suppose that there
exists a metric d on X such that (X, d) is a complete metric space. Let F: X X X — X be a continuous map
having the mixed monotone property on X. Suppose there exists an altering distance function ¢ and 8 € S such
that

(p(d(F(x, v), F(u, 17))) <pB [@] p(max{d(x,w),dy, )} .. @)
vV x,y,u,v € X whenever (x,y) and (u, v) are comparable..
Further assume that X has the following properties:

(@) If {x,} is a non-decreasing sequence in X with x,, - x,thenx, < xVn € z*

() If {y,,} is a non- increasing sequence in X with y, - y, theny, > yVvn € z*
If 3 x4, yo € X such that x, < F(xq,¥,) and y, = F(y,, Xo), then F has a coupled fixed point. That is, 3 x,y €
X suchthat x = F(x,y) and y = F(y, x).

In this paper, we establish Theorem 2.12 and Theorem 2.13 without using the continuity of alter

distance function ¢.

I11. Main results
Theorem 3.1: Let (X, <) be a poset and suppose that there exists a metric d on X such that (X, d) is a metric
space. Let F: X X X — X be a mapping having the mixed monotone property on X and there exist ¢ € @ and
B € S such that

o(d(F (), F(u,v) < B [F25702 g (max{d (e, u), d(y, v)}) - (9)
For all x, y,u, v € X whenever (x, y) and (u, v) are comparable..

Suppose 3 xg, ¥y € X such that x, < F(xg,y,) and y, = F(yy, xo). Define the sequences {x,,} and {y,} in X by
Xpe1 = F(xp,y)and vy, = F(y,, x,) foralln = 0,1, 2, ... (6)

Then {x, } is an increasing sequence, {y,,} is a decreasing sequence and {x, } and {y, } are Cauchy sequences.

Proof: First we prove that x,, < x,,; andy, =y, foralln=0,1,2, ... @)

and then we show that {x,,} and {y, } are Cauchy sequences.

We have xy < F(xg,¥o) and yq = F (¥, Xo) -

Hence x, < x; and y, = y,

~ (7)istrue forn = 0.

Assume that (7) is true for some positive integer n.

By using the mixed monotone property of F, we have

Xnt2 = F(xn+1'yn+1) = F(xn' yn) = Xn+1 and VYn+2 = F(yn+1'xn+1) < F(yn'xn) = Yn+1

~ (7)istrue forn + 1.

Therefore by mathematical induction (7) follows.

We now show that lim,,_,,, max{d(x,,, X,+1), d(Vn, Vn+1)} = 0.

We have x,, < x,,1 andy, =y, foralln=0,1,2, ...

Now (p(d(xn+1txn)) = (p(d(F(xn' yn)'F(xn—li yn—l)))

< ﬂ(tn) (p(max{d(xn!xn—l)id(yn' yn—l)}) (8)
< (p(max{d(xn, xn—l)' d(yn' yn—l)})

(p(d(yn'yn+1)) = (p(d(F(yn—lixn—l)'F(yn'xn)))

< ﬂ(tn) (p(max{d(yn—lﬂyn)ld(xn—lixn)}) (9)
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_ dn—1,yn)+d (Xn—1,%5)

where t, = >
< (p(max{d(yn—l' yn)' d(xn—lt xn)})
From (8) and (9), we have
maX{(P{d(xn, xn+1)' d(yn' yn+1)}} < .B(tn) QD(maX{d(xn' xn—l)' d(yn' yn—l)})
Since ¢ is increasing, we get
(p{max {d(xn’ xn+1)' d(yn' yn+1)}} < .B(tn) (p(max{d(xn, xn—l)' d(yn' yn—l)}) e (10)
If B(t,) =0, for some n, then @{max {d((x,,x,+1), d((Vn, Yn+1)}} =0 and hence from (10) we have
(p{max {d(xm: xm+1):d(ym'ym+1)}} =0 fOT mz=n.
Consequently max {d (x,, X +1), AV, Ym+1)} = 0 form = n
So that lim,,, _,, max{d (x,,, X +1), A V> Ym+1)} = 0.
Hence, we may suppose that g(¢t,,) >0 vn (11)
Again from non-decreasing property of ¢ and (10), we have
max {d(xn: xn+1): d(ynv yn+1)} < max {d(xn: xn—l): d(yn: yn—l)}
~ max {d(x,, x,+1), d(Vs, Vas1)} IS @ Non-negative and decreasing sequence of real and hence it converges to
a real number r (say) r = 0.
Now, we prove that r = 0. If possible suppose that » > 0.
Again from (10), we have
(p(an+1) = ﬁ(tn)¢(an) where a, = max {d(xnrxn—l)x d((yn' yn—l)} z2r>0

e B < p(t,) <1 (< 9a) > @(r) > 0)

Let { ¢(a,)} decreases to s, where lim,,_,, ¢(a,) = s.

Nowr <a,; =2 o) < pla,1)Vn = o) <s

Now ¢(r) <s < ¢(ap41) < B(t)e(an) e (12)
Case (i): B(t,) » 1.Thent, -0 (~ BES)

= d(xnxn-1)+d Ynyn-1) 50

2
= d(xn'xn—l) + d(ynﬁyn—l) -0= a, = d(xnlxn—l) + d(yn'yn—l) -0= ap = 0=>r=0
Case (ii): lim, . B(t,) # 1.
Then 3 ¢ > 0 such that 8(t,,) < 1 — & for infinitely many n.
Then from (10), we have ¢ (r) < s < p(a,,+1) < B(t)e(a,) < (1 — &)e(a,) for infinitely many n.
On lettingn —» o, weget p(r) <s<(1—-¢)s =s=0andp(r) =0=>s=0andr = 0.
=0 =7 =lim, e, (max {d((xy, Xp+1), A(Vn) Yu+1)}) e (13)
Next, we have to prove that {x, } and {y, } are Cauchy sequences.
If possible, assume that either {x,,} or {y, } fails to be Cauchy.
Then either lim,, , o, d (X, x,) # 0 Or limy, ;0 AV, ¥) # 0
Hence max{limm‘nqm d (X, X)), limy, 40 d(ym,yn)} #0
i.e. 1im, oo max{limy, ;oo d (X, %), 1My 10 (Y, Vo)) # 0
i.e 3 &> 0, for which we can find sub sequences {m(k)} and {n(k)} of positive integers with n(k) > m(k) >
k such that max {d(xm(k),xn(k)), d(ym(k),yn(k))} >¢ e (14)
Further, we choose n(k) to be the smallest +ve integer such that n(k) > m(k) satisfying (14).
Hence, we have max {d(xm(k),xn(k)), d(ym(k),yn(k))} > ¢ and
max {d(xm(k), xn(k)_l),d(ym(k),yn(k)_l)} <e e (15)
Now, we prove that
12 limy o0 max {d (X ey, Xom i), d(Vn iy Yma)} = €
Iz limy g max {d (% 0)-1, %m (0)-1) A(Ym (i) -1, Ym)-1)} = €
. limk_,oo max {d(xm(k), xn(k)_l), d()’m(k)' yn(k)—l)} =&
First we prove I:-
From the triangular inequality and (11), we have

A e Xm 1)) < A(En iy nr-1) + A1 Xm ) < A(Fngiy ¥nr-1) + € ... (16)
dVny Ym@)) < AWnty Yntr-1) + AVnto-1 Ymao) < AVng) Yngo-1) + € .. (17)
From (14), (16) and (17)

& < max {d (X gy, Xm iy ) AV iyr Ym o))} < max {d (xngeys Xy -1), d Wiy Yniar-1)} - (18)

On letting k — oo, we get
¢ < lim max {d(n gy Xm), AV gy Ymay)} < €
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< lim max {d (xn 0y, Xm0 (Vi Ymai)} = €
« (1) holds.
Now, we prove (I1):-
A (X t)-1 Xm(r-1) < A(Xmt)-1 Xmt) + A (X (3 X i) -1)
< d(Xm@)-1, Xmy) + & (by (15))
dVny-1Ym@r-1) < dVmao)-1 Ym)) + AV ) Ynti)-1)
< d(Ym@)-1, Ymwy) + € (by (15))
e max{d (%n g0y Xm 10-1)> AV )-1 Ym 10y-1)} < max{d (o 0)-1) Xm0y AW 101> Ym ) )} + €
~ lim sup max{d(xn(k)_l, xm(k)_l), d(yn(k)—l' ym(k)—l)} <¢ cee (19)
(%0 X)) < (X0 Xno)-1) + (X 0-1 Xm0-1) + (X o-1 Xm@o)
dVny Ymw)) < AWnty Ynwr-1) + AVn-1 Yma-1) + AVm -1 Ymw))
a max{d (% ey, Xm 0))» AVt Ymo)} < max{d (X ), Xna)-1), AWty -1 Yn)} +
max{d (% o)1, ¥m 1)-1)> A(Yn)-1 Ymt)-1) } + max{d (xmt)-1 %m 1 )» @V )-1, Ym 1)}
Letting k — oo, from (12), we get
0 <lim infmax{d(xn(k)_l, xm(k)_l), d(yn(k)—ltym(k)—l)}
< lim sup max{d (%, (k)-1, %m (6)-1)» A(Vn (k)1 Ym@0-1) }
<e&

- lim max{d (%, )-1, %mt)-1), A Vn -1, Ymay-1)} = €
~ (I1) holds.
(%o Xm i) < (X0 Xno-1) + (X go-1 %m0)

< d(%n iy Xni)-1) + A (X 00)-1) Xm @iy -1) + d(Xmr-1, Xm i)
A(Vny Ym@)) < AVngey Ynao-1) + Vo1 Ym o))

< d(Vnwy Ynwr-1) + AWnto-1 Ymar-1) + AWma-1 Ym @)
a max{d (% ey, Xm () AV ey Ym))} < max{d (X iy, %n0)-1), AW iy Ymaio)} +

max{d (%n o)1, Xm @) A (Vn)-1 Ym@i) }
< max{d (% k), %n0)-1) AVn ) Yntr-1)} + max{d (%n -1, Xmt)-1) AWn -1 Ymy-1)} +
max{d (%m t)-1 Xm ) )» AV )-1 Ym 1)}

On letting k — oo, from (1), (1), we get (11). (~+ & < 0 + limmax{d (%, g)-1, ¥m@))» d Vn)-1 Ym0y)} < €)
Now, we have ¢ < lim infmax{d(xn(k)_l, xm(k)_l), d(yn(k)_l,ym(k)_l)}

< lim sup max{d (%, k)1, Xm @)-1)» A(Vn (o)1 Ymto-1)} = €

~ lim infmax{d(xn(k)_l,xm(k)_l),d(yn(k)_l,ym(k)_l)} =€
Since X, (j)—1 = X (k)—1 AN Y (k)—1 < Ym (k)—1, from (5), we get

@ (d(xn(k)' xm(k))) =9 (d (F(xn(k)—lryn(k)—l)' F(xm(k)—ltym(k)—l)))

d(x, -1, % _1)+dWhao-1,Y _
S s et ) PO CTER RN PICARER )

Similarly ¢ (d(yn(k)'ym(k))) =¢ (d (F(yn(k)—lr X ()-1)s F (Ynto)-1, xn(k)—l)))

d(x, -1, % _1)+dWnao-1,Y _
Sﬁ( CIOSRAGEY > Onto-1.¥m 1)> @ (max{d (2, -1 %mt)-1), AV )-1 Ym@-1)})

From (20) and (21), we get @ (s;) < B(qi)- @ (py) where
d( n —17m - )+d n —1m - )
s, = mMax{d (X ) Xm @) dVnte) Ymao)} and g, = -1 0 1) 201 Y

P = max{d(xn(k)—llxm(k)—l): d(yn(k)—lp ym(k)_l)}
Now, £(q,) = 1 = q, — 0 (by hypothesis)
>p, 20 as k- o =¢e=0 by (16), acontradiction.

~ lim B(qy) # 1
~ T apositive integer N and § € (0,1) suchthat 8(q,) < §fork = N ... (22)
~p(e) < (s < Blar) ¢ (i) e (23)
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From (22), we have ¢ () < ¢o(s) < S@(pr) < do(e +n) for agivenn > 0 and large k.
p(e) < (e +0) < p(sp) < Sp(e+m)

This being true for every n > 0 follows that 0 < ¢(&) < (e + 0) < S (e + 0)
20<pEe)<ple+0)=0(+v0<d<1)

~ @(e) =0 = & =0, acontradiction.

Hence both {x,,} and {y,} are Cauchy sequences.

Theorem 3.2: In addition to the hypothesis of Theorem 3.1, suppose that (X, d) is complete and either (a) F is
continuous or (ii) X has the following properties:

(@) If {x,}is a non-decreasing sequence in X with x,, - x, thenx, < xvn € z*

(b) If {y,} is a non- increasing sequence in X with y,, - vy, theny, = yvn € z*
Then F has a coupled fixed pointin X. i.e. 3 x,y € X such that x = F(x,y) and y = F(y, x).

Proof: Let the sequences {x,} and {y,} be as defined in (6) of Theorem 3.1. Then from Theorem 3.1, both the
sequences {x,} and {y,} are Cauchy. Since (X,d) is complete, 3Ix,y€X such that
lim, ., x, = x and lim,_, y, = .

(a) Suppose F is continuous. Then it follows that

x = lim %, = lim F(, 1, 9,1) = F (lim x, 1, lim y, ;) = F(x,7)

n—oo
y= lirnn—»oo Yn = limn—wo F(yn—llxn—l) = F(limn—»oo Yn-1 'limn—wo xn—l) = F(yr X)
Thus (x,y) is a coupled fixed point of F in X.
(b) Suppose that X has the properties (i) and (ii). Let £ > 0. Since lim,,_,,, x, = x and lim,,_,., y,, = y,3 a
positive integer N such that d(x,x,) < eand d(y,y,) <& Vn = N.
Since x, < xand y, =y, V n, from (5), we have

d(x,%,) + Ay, ¥,
<p(d(F(x.y>,F(xn,yn)>)szf[ (o %) + 40 )]<p(max{d(x,xn),d(y,yn>})

2

=0 if p(2E2OM)) = 0 or p(max{d(x,x,), A, Y)}) =0

< @(max{d(x,x,),d(y,y,)}) otherwise
< p(e) forall n=N
& d(F(x,y),F(x,,¥,)) <eforalln= N (~ ¢ is increasing)
 F(xq, ) = F(x, ). BUtF(xp, y,) = Xp41 > xasn - o
~x=FQ,y) (24)
Again from (5), we have

¢ (A(F&, ), FOn 1)) = 0(d(F Gy %), F (v, %))

d(y,, d(x,,
) ﬁ[ 0w+ des x)]w(max{d(}’n.)’),d(xn'x)})

=0 if BT = 0 or p(max{d(y, ), d(x,, x)}) = 0

< @(max{d(y,,y),d(x,,x)}) otherwise
< @(e) forall n=N
~ d(F(y,%),F(yy,x,)) < e Vn =N (= ¢ isincreasing)
& F( %) = F(x,9). BULF (3, X,) = Yppq 2y aST > 00
~y=F@,x) o (25)
~ (24) and (25) shows that (x, y) is a coupled fixed point for F in X.

Lemma 3.3: Let (X, <) be a poset and suppose that there exists a metric d on X such that (X, d) is a complete
metric space. Let F: X X X — X be a mapping having the mixed monotone property on X. Suppose there exists
an altering distance function ¢ € ® and 8 € S such that

o(d(F (), F(w,v)) < B[22 g (max{d(x,w), d(y, v))) - (9)
for x,y,u, v € X whenever (x,y) and (u, v) are comparable.
Suppose (x,y) is a coupled fixed point of F. i.e. x = F(x,y) or y = F(y,x). Let (u,v) € X X X such that

(wv) <1 (%) ... (26)
Construct the sequences {u, } and {v,} by uy = w, vy = v, up11 = F(Uy, V), V1 = F (v, Uy,).
Thenu, - xand v, - yasn — oo.
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Proof: First we prove that (u,,v,) <; (x,y) foralln=10,1,2, ...

iex=>u,andy =y, foralln=1,2,.. (27)
From (26), x > u=uyyandy < v = v,

~ (27)istrue forn = 0.

Assume that (27) is true for some positive integer n.

Hence u,1 = F(u,,v,) < F(x,y) =xand v, = F(v,,u,) 2 F(y,x) =y

Therefore by mathematical induction (27) is true foralln = 1,2, ...

Since x = u,,_; and y < v,_; and from (5), we have,

(A0 ) = pAFCY), Ftyy,vyy) < =200 g (max{d (x, w, 1), d(Y, 1))
and ¢(d(y,v)) = ¢(([d(F ¥, %), F(Vn_1, ty_1)))

d(y,vn— d(xup—
< p [t o (max{d (3, vu—1) + d (X, Uy—))

= max{p(d(x,u,)), 0(d(y, v))} <

B [d(ylvn—l);d(x'un—l)] p(max{d(y, v,_1),d(x, up_1)}) .... (28)
Case (i): p(max{d(x,uy_1),d(y,vy_1)}) = 0 for some N

Then x = uy_; and y = vy_; and from (28), we get x = uy and y = vy.

Similarly x = u, ory = v, forn > N.

~u, »>xandvy, > yasn — oo.

Case (ii): p(max{d(x,u,_1),d(y,v,_1)}) =0 foralln > 1.

Then from (28), we have max{¢(d(x,u,))@(d (¥, v,))} < @(max {d(x,u,_1),d(y,v,_1)})

Since ¢ is increasing, we get max{d(x,u,),d(y,v,)} < max(d(x, Up_1),d(y, Un—1))

i.e. max{d(x,u,),d(y,v,)} is a deceasing sequence of reals and hence deceases to r (say), r = 0.

i.e. lim, ., max{d(x,u,),d(y,v,)} =r.

Again from (28), we have

@(r) < p(max{d(x,u,),dy,v,)}) <

p (Hrra= 0=t o (max{d (x, wy 1), d (Y, v,-1)}) . (29)

2
_ d(xun—1)+d(y,vn-1)

Let s, = max{d(x,u,),d(y,v,)}, q, = -

Then max{d(x, u,_1),d(y,vy_1)} = Sp_1

<P(T) < <P(Sn) < B(qn) (p(sn—l)

Suppose 7 > 0. Now, B(q;) = 1 = g, — 0 (by hypothesis)
=2s,>0asn—-o0 =2r=0, (~ s,_; = s),acontradiction.

+ lim f(g,) # 1

~ Japositive integer N and § € (0,1) such that B(q,) < & forn > N

L~ 0< o) <p(s,) <69(s,_1) < 8p(r+n) foragivenn > 0 and large n.

L) <@ +0) < o(s,) <bdp(r+mn)

L0<p(r)<pr+0)<8p(r+0)<elr+0)(0<4§<1),acontradiction.

~ 1 = 0. Therefore d(x,u,) - 0and d(y,v,) - 0 asn — co.

~u, »>xandvy, > yasn - oo.

Lemma 3.4: Let (X, <) be a poset and suppose that there exists a metric d on X such that (X, d) is a complete
metric space. Let F: X X X — X be a mapping having the mixed monotone property on X. Suppose there exists
an altering distance function ¢ € ® and 8 € S such that

(p(d(F(x, ), F(u, 17))) <pB [w] @(max{d(x,u),d(y,v)}) ... (5) forx,y,u,v € X whenever (x,y)
and (u, v) are comparable.

Suppose (x,y) is a coupled fixed point of F. i.e. x = F(x,y) or y = F(y,x). Let (u,v) € X X X such that
(,y) <1 (w,v) ... (30)

Construct the sequences {u, } and {v,} by uy = w, vy = v, up11 = F(Uy, V), V1 = F (v, Uy,).

Thenu, - xand v, - yasn — oo.

The proof is similar to that of Lemma 3.3.

Definition 3.5: Let (u, v) € X x X. Define the sequences {x, } and {y, } as follows:
Uy = U, vy = v,uy = F(ug,vy) and u, .1 = F(u,,v,) foralln > 1
vy = F(vg,up) and v, 41 = F(v,,u,) foralln > 1
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Then the sequence {(u,, v,)} is called the coupled iterative sequence of (u, v).

Theorem 3.6: Let (X, <) be a poset and suppose that there exists a metric d on X such that (X, d) is a metric
space. Let F: X x X — X be a continuous map having the mixed monotone property on X. Suppose there exists
an altering distance function ¢ € ® and 8 € S such that

o(d(F(e,y), F(w,v) < B[ =257 p(max(d (e, w), d(,v)) ... (5)

for x, y,u, v € X whenever (x,y) and (u, v) are comparable.

Suppose (x,y) is a coupled fixed point of F. i.e. x = F(x,y) or y = F(y,x). Let (u,v) € X x X such that
(u,v) and (x,y) are comparable. Let {(u,, v;,,)} be the coupled iterative sequence of (u, v).

Thenu, » x and v, - y.

Proof: Case(i): If (u,v) < (x,y), then result follows from Lemma 3.3.
Case(ii): If x,¥) < (u,v), then the result follows from Lemma 3.4.

Theorem 3.7: Suppose the hypothesis of Theorem 3.2 holds. Then there does not exists a pair (u,v) € X x X
such that (u, v) is comparable to two distinct coupled fixed points of F.

Proof: Suppose (x,y) and (x',y") are two coupled fixed points of F. Let (u, v) be comparable with (x,y) and
(x',y). Let {(u,, v,)} be the coupled iterative sequence of (u, v).

Case(i): Suppose (u,v) <; (x,y) and (u,v) <; (x,y).

Then by Lemma 3.3, u, - x and v,, » y and also u,, » x' and v,, - y'.
~x =x"and y = y'. Consequently (x,y) = (x,¥).

Case(ii): Suppose (x,y) <; (w,v) and (x,y") <; (u,v).

Then by Lemma 3.4, u, - x and v,, » y and also u,, » x' and v,, > y'.
~x =x"andy = y'. Consequently (x,y) = (x,¥).

Case(iii): Suppose (x,y) <; (u,v) <; (x,y).

Then by Lemma 3.4, u, —» x and v,, » y and also u,, » x' and v, - y'.
~x =x"and y = y'. Consequently (x,y) = (x,¥).

Case(iv): Suppose (x,y) <; (u,v) <; (x,9).

In this case also (x,y) = (x',y") as in Case (iii).

Hence (x,y) and (x',y") cannot be distinct, a contradiction.

Theorem 3.8: Suppose the hypothesis of Theorem 3.2 holds. Further assume that
(H): For (x,y),(z,t) € X x X there exists (u, v) € X x X which is comparable to (x,y) and (z,t). Then F has
unique coupled fixed point.

Proof: By Theorem 3.2, F has a coupled fixed point (x, y).

Suppose (x,y') is also a coupled fixed point of F.

Then by (H) there exists (u, ) € X x X which is comparable to (x,y) and (x',y").
Then by Theorem 3.7, (x, ) = (x,¥).

Thus F has unique coupled fixed point.

Corollary 3.9: Suppose the hypothesis of Theorem 3.2 holds. Further assume that (X, <) is a lattice. Then F has
a unique coupled fixed point.

Proof: Since (X, <) is a lattice, condition (H) holds.
Consequently by Theorem 3.8, F has a unique coupled fixed point.

d(xu)+d(y,v)

Note: If we replace the argument 2

in B by max{d(x,w),d(y, v)} still the results hold good.
Conclusion: Under the hypothesis of Theorem 3.2, the fixed point set § of F decomposes the set X into
pointwise disjoint sets {S, /p € ¥} in the following way:
Forp € &, write S, = {a € X:p is comparable with a }
Then (i) S, # @, since p € S,

(i) S, and S, are disjoint whenever p,q € F and p # q
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(iiif) S = Upeg S, may be a proper sub set of X
in which case X — S does not contain any fixed point of F.
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